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Classic Shape Theory (Kendall)
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Digital Museums

morphosource.org

4 MorphoSource e Media ~ Bowse -+ +3Login

About Documentation ~  Resources ~

Find, view, and download 3D data
representing the world's natural history,
cultural heritage, and scientific collections.

Data are contributed by museums, researchers, and scholars
to share findings, increase impact, and improve access to
material critical for scientific discovery and the advancement of
human knowledge.

Want to find data? ’ Want to contribute?

Browse categories Leam more

Welcome to the launch of MorphoSource 2.0! We are very excited to share the new and much improved version of the repository with you. You may find many
differences compared to the previous version of MorphoSource. We have produced a ([EN SIS to briefly cover major aspects of the new site.
Itis also possible that you may encounter bugs. We are working hard to address any issues, and you can help us by (R ERI] that you encounter.
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Defenders of Geometric Morphometrics

I. Observer-Placed Landmarks .
S'm S 9 @
‘,(nonprimate) 4 (monkey) ¥ (human)

II. cP-determined correspondence map between two structures
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Non-diffeomorphic shapes

Images courtesy of David Houle's laboratory

Geometric problems related to the Euler Characteristic Transform EPFL



DA




Differential Geometry — Geometric Measure
Theory

» Valuations on R9
> VAUB)+ V(AN B)=V(A)+ ¥(B)
» Continuous and invariant under rotations and
translations
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Differential Geometry — Geometric Measure
Theory

» \aluations on R?

> VAUB)+ V(AN B)=V(A)+ ¥(B)
» Contfinuous and invariant under rotations and
translations

Theorem (Hadwiger '57)

The set of such valuations can be thought of as a vector

space of polynomials in scale x, i.e. there is a basis
1,x,x2,x3,...,x9,
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Differential Geometry — Geometric Measure
Theory

» \aluations on R?

> VAUB)+ V(AN B)=V(A)+ ¥(B)
» Contfinuous and invariant under rotations and
translations

Theorem (Hadwiger '57)

The set of such valuations can be thought of as a vector

space of polynomials in scale x, i.e. there is a basis
1,x,x2,x3,...,x9,

» There exists a canonical scale-free valuation: the

0-homogeneous infrinsic volume, also known as the
Euler Characteristic
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Euler Characteristic

Definition

The Euler characteristics x
of a convex compact set
and the empty set are 1
and 0, respectively.

For other tame sets

X(AUB)+x(ANB) = x(A)+x(B)
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Euler Characteristic

X | x(X)
0 0
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Euler Characteristic

Shape | x | x(+) | x(-)
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Euler Characteristic
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Euler Curves

For a shape X ¢ R9 and direction v € $9-1, the Euler
Curve of X in direction v:

ec(x,v)(h) - x({x € X|(x,v) < h})
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ECT - Good properties

Look at all the directions and heights simultaneously:

X < ECTx(v,h) : ST xR : (v, h) = x({x € X|x- v < h})
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ECT - Good properties

Look at all the directions and heights simultaneously:

X < ECTx(v,h) : ST xR : (v, h) = x({x € X|x- v < h})

» Inner products
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ECT - Good properties

Look at all the directions and heights simultaneously:

X < ECTx(v,h) : ST xR : (v, h) = x({x € X|x- v < h})

» Inner products
> Injective
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ECT - Good properties

Look at all the directions and heights simultaneously:

X < ECTx(v,h) : ST xR : (v, h) = x({x € X|x- v < h})

» Inner products
> Injective
» Invertible Transform
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ECT - Good properties

Look at all the directions and heights simultaneously:

X < ECTx(v,h) : ST xR : (v, h) = x({x € X|x- v < h})

» Inner products

> Injective

> Invertible Transform

» S0(d)-Equivariant: ECTax (v, 1) = ECTx(A~ v, 1).
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ECT in Practice

Discretize S9! x R and evaluate it on a grid. But this is not
digitall More problems:

>
>

>

v

Inner products - No problem

Injective - Practically yes, and theoretical results exists.
Terms and conditions apply

Invertible Transform - Locally possible
Equivariance: Expensive and approximate

Finer discretization: Better representation?
Multicollinearity

Choice of discretization? Research dissemination
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Discretization related problems

» How many directions are needed?!

» How fo tell if a given discretization came from a valid
shape?

» (The above especially relevant for the PHT, where we

record the betti numbers instead of euler
characteristic)

'Partial answers exist
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Towards Digitalization

X piecewise linear.

Observation 1. For any direction v, the euler curve
ecy (h) can only jump af vertices x; of X (h = v - x;) for

some |.

hy=(0,1)-(-2,-5)=-5
ho=(0,1)-(2,-3) = -3
hs = (07])(01_]) =—1
hy=(0,1)-(0,2) =2 (no
jump).
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Towards Digitalization

Observation 2. The height function of a vertex p; = (r, ¢) is
given by h; = rcos(6 — ¢).

Bedenspace  Tansomspsce
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Towards Digitalization

Observation 3.
The height functions divide S9! x R up into strata where
the ECT is constant.

nnnnnnn
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The Brute Force algorithm (2d)

> Solve < v, x; >=< v, x >foralli#j, get v, —vi,

» Order the Vi by their angle, get pieces Py = [0k, 0k 1].
k=1,...,N.

> Set ay = %tk

» Look at the order of x; under < ay, X; >.

» For each x;, evaluate the discrete ECT at height h;=+,
i.e. just above and below x;, if non-zero, record this to
Qy,; and record x; to by ;.

> The ECT of X is now represented as (i (P, Qx, by).
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Towards Digitalization

Observation 4. The behavior of the euler curve at h;
depends only on the neighborhood of x;. (Note same is
not true for PHT)

» Procedure can be
parallelized over
1 neighborhoods of

points.
» Reduce intersection
10 from O(n9) to O(n)

(note d typically 2 or 3)
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ECT Inner products

ECTx(v, h) = ZG,H>D Mio.61(V):

i.e. a simple function of indicators in hand v.
The inner product is just the L, inner product:

1
(ECTy, ECTy) = / / ECTYECTy dh dv
sa-1.J-1

NB: Product of two simple functions is still simple.
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Intfegrating over the sphere

Let p; = (X;, ¥;) be a vertex. The integral of the height
function of p; from 7 1o 6 is given by:

0
(o) = / cos(P)x; + sin(1)y; ot
= (COS(T) — cos(@)) i+ <sin(6?) - sin(r))X,-.

Similar explicit formula exists also for 3D (HK, Xiaohan
Wang)
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Digital Advantage |: Schapira’s inversion

(Rk/o'Rk)h:(lu—)\)h—i—/thﬂ.
X

Concretely for a 2d shape:

Iy(X) = /X __ECT(v,h) + BCT(~v, ~h)x(dv, df) = x(X).
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Digital Advantage Il: Genuine SO(d) action

X —— ECT(X)

L

Y —— ECT(Y)

(ECT(X;) — ECT(¢X,), ECT
= (ECT(X)) — ¢ECT(X;),E
= (ECT(X1), ECT(X)) — 2(
+ (JECT(Xy), $ECT(Xy))
—(ECT(X)), $ECT(X,)).
The map O(3) — R : ¢ — (ECT(X;), pECT(X>)) is almost
differentiable.
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Example of aligning shapes with ECT

(a) Unaligned Meshes

.......................................................

.

(b) ECT Aligned Meshes

(c) Quasi-BnB Aligned Meshes

n=2,918, N=16,000
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Summary of the digitalization

+ Uses all information in the data

+ No need for extra parameters / non-canonical
choices

+ Opens doors for more involved questions
- Complicated algorithm

- Expensive to compute

- No partial progress
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Question |

Given npoints X = {x,...,xn} in RY, define an
equivalence relation on linear functions f : R — R that
are injective on X given by the order of the verfices x;.
| a For a point cloud X, how many equivalence classes
are there?
| b For afixed d and n, which point configuration aftains
the maximum?
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Question |l

An effective way 1o sort lists is the mergesort, which is a
sort of divide and conquer algorithm.

In 2d, it is fairly easy to devise a divide and conquer
algorithm that speeds the intersection checks
exponentially over brute force.

Il What is an effective way to check intersection of
collection of triangles on §2 (or $9 in general)
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Question llI

Given a shape X ¢ RY, define it’s sinogram complexity
S(X) as the number of d-dimensional strata in S9! x R its
Euler characteristic tfransform.

IIla What are the properties of S(X)?

lIlb Give a characterization of shapes of given sinogram
complexity.

Il c Give a fast to compute algorithm to approximate the
sinogram complexity of a shape

lIld Define a better notion of shape complexity that
behaves better under e.g. set union

llle (Try any of the above with the PHT)
For example, S(X) = 2 is the set of convex bodies.
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